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A CRITERION TO SPECIFY THE ABSENCE OF BAIRE
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Abstract. Let X be a topological space. Let X0 ⊆ X be a second countable
subspace. Also, assume that X is first countable at any point of X0. Then we
provide some conditions under which we ensure that X0 is not Baire.
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1. Introduction
A spaceX is called Baire if the intersection of any sequence of dense open subsets
ofX is dense inX . Alternatively, this notation can be formulated in terms of second
category sets. The Baire category theory has numerous applications in Analysis and
Topology. Among these applications are, for instance, the open mapping, closed
graph theorem and the Banach-Steinhaus theorem in Functional Analysis [1, 3].
The aim of this paper is to introduce a trick that concludes the absence of Baire
property for some topological spaces using dynamical techniques and tools. Before
stating the main result, we establish some notations.
Let (X, τ) be a topological space, Xn’s its subspaces and
xn+1 = fn(xn), n ∈ N ∪ {0},
where fn : Xn → Xn+1 are continuous maps. The family {fn}
∞
n=0 is called a
nonautonomous discrete system [5, 6]. For given x0 ∈ X0, the orbit of x0 is defined
as
orb(x0) :=
{
x0, f0(x0), f1 ◦ f0(x0), · · · , fn ◦ fn−1 ◦ · · · ◦ f0(x0), · · ·
}
,
and we say that this orbit starts from the point x0. The topological structure of
the orbit that starts from the point x0 may be complex. Here, we study the points
of X0 whose orbits always intersect around X0. They are formulated as follows:
O :=
{
x ∈ X0| orb(x)
X
∩X0 = X0
}
.
The system {fn}
∞
n=0 is called topologically transitive on X0 if for any two non-
empty open sets U0 and V0 in X0, there exists n ∈ N such that Un ∩ V0 6= φ, where
Ui+1 = fi(Ui) for 0 ≤ i ≤ n−1, in other word (fn−1◦fn−2◦· · ·◦f1◦f0)(U0)∩V0 6= φ
[6].
Our main theorem is as follows:
Theorem 1.1. Let X be a topological space. Let X0 be a second countable subspace
of X and let X be first countable at any point of X0. Also, suppose that the system
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{fn}
∞
n=0 is topologically transitive on X0 and O 6= X0. Then X0 can not be a Baire
subspace.
Note that, if X is a metric space, Xn = X , and fn = f for each n, then Theorem
1.1 will be obtained as a direct result of Birkhoff transitivity theorem. This fact
was our motivation in writing the paper.
2. Proof
So as X0 is a second countable subspace and X first countable at any point of
X0, it is easy to show that there exists a collection {Um}m∈N of open sets in X
such that
i) Um ∩D0 6= φ,
ii) the family {Um ∩D0}m∈N is a basis for D0,
iii) for each x0 ∈ D0, the family {Um}m∈N is a local basis for x0 in X .
We claim that
O =
∞⋂
m=1
∞⋃
n=1
fn−1 ◦ fn−2 ◦ · · · ◦ f1 ◦ f0
−1(Um). (2.1)
To prove the claim, putO∗ :=
⋂∞
m=1
⋃∞
n=1 fn−1 ◦ fn−2 ◦ · · · ◦ f1 ◦ f0
−1(Um). Firstly,
we show that O ⊆ O∗. Suppose otherwise, there is x ∈ O such that x /∈ O∗. So as
x /∈ O∗, there exists m ∈ N such that for each n ∈ N we have
(fn−1 ◦ fn−2 ◦ · · · ◦ f1 ◦ f0)(x) /∈ Um.
Hence, orb(x)∩Um = φ. Since Um ∩D0 6= φ, there exists an element z ∈ Um ∩X0,
such that z /∈ orb(x)
X
. But z ∈ X0 and so orb(x)
X
∩ X0 6= D0. It is concluded
that x /∈ O which contradicts the choice of x. Now, it is shown that O∗ ⊆ O. Let
x ∈ O∗ but x /∈ O. So as x ∈ O∗, concluded for each m ∈ N, there exists n ∈ N
such that (fn−1 ◦ fn−2 ◦ · · · ◦ f1 ◦ f0)(x) ∈ Um. Thus, orb(x) ∩ Um 6= φ. Moreover,
the relation x /∈ O indicates that there exists z ∈ X0 such that z /∈ orb(x)
X
.
Consequently, there exists Uk containing z, such that Uk ∩ orb(x) = φ that this
contradicts with orb(x) ∩ Um 6= φ, for each m ∈ N.
By continuity of fn : Xn → Xn+1, each set
⋃∞
n=1 (fn−1 ◦ fn−2 ◦ · · · ◦ f1 ◦ f0)
−1(Um)
is open and because of transitivity, these open sets are dense in X0. If X0 be a
Baire space, then (2.1) implies that O is a dense Gδ-set. This is a contradict with
O 6= X0. Thus X0 is not a Baire subspace, and the proof of the Theorem 1.1 is
complete.
3. Example
Example 3.1. Consider X = H(C) =
{
f : C → C| f is holomorphic
}
endowed
with the metric d(f, g) =
∞∑
n=1
1
2n
min
(
1, pn(f − g)
)
, with pn(h) = sup|z|≤n|h(z)|.
Then X is a separable Banach space and besides that the differentiation operator
D : H(C) → H(C) with D(f) = f ′ is continuous [2]. Moreover, the space H(C) is
Baire and if we consider the dynamical system D : H(C) → H(C), then Birkhoff
theorem guarantees the existence of functions that their orbit is dense in H(C).
A CRITERION TO SPECIFY THE ABSENCE OF BAIRE PROPERTY 3
Now, assume that
X0 =
{ N∑
i=0
aiz
i + αg(z)
∣∣ ai, α ∈ C
}
.
Then the subspaceX0 is not Baire. To see this, take {αn}
∞
n=0 be a subsequence with
α0 = 0 in this way that D
αn(g) is convergent. We consider nonautonomous discrete
system {fn}
∞
n=0 with fn = D
αn+1−αn where Xn =
{∑N
i=0 aiz
i + αg(αn)(z)
∣∣ai, α ∈
C
}
. By planning the arguments similar to what employed in the proof of Example
2.21 in [2], we observe that the system {fn}
∞
n=0 is topologically transitive. Now the
assertion obtains by using Theorem 1.1 since the set O is empty.
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